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Let F be a class of groups. A subgroup H of a group G is said to
be a maximal F-subgroup of G if H ∈ F and G has no a subgroup
E ∈ F such that H < E . The symbol ΣF(G) denotes the intersection
of all maximal F-subgroups of G . We study the inﬂuence of the
subgroup ΣF(G) on the structure of a ﬁnite group G .
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, all groups are ﬁnite. A class F of groups is said to be hereditary
(Mal’cev [1]) if it contains every subgroup of every group in F. In this paper, F denotes some heredi-
tary non-empty class of groups. We use N and U to denote the formations of all nilpotent and of all
supersoluble groups, respectively.
A subgroup H of a group G is said to be maximal F-subgroup of G if H ∈ F and G has no a sub-
group E ∈ F such that H < E . We use ΣF(G) to denote the intersection of all maximal F-subgroups
of G . In particular, ΣN(G) denotes the intersection of all maximal nilpotent subgroups of G and
ΣU(G) is the intersection of all maximal supersoluble subgroups of G . The subgroup ΣF(G) could be
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of this.
We use GF to denote the intersection of all normal subgroups N of a group G with G/N ∈ F.
A class F of groups is said to be a formation if for every group G , every homomorphic image of G/GF
belongs to F. A formation F is said to be saturated if F contains every group G with GF Φ(G).
Applications of the subgroup ΣF(G) are shown in the following.
Theorem A. Let F be a saturated formation. Let H, E be subgroups of a group G, N a normal subgroup of G
and Σ = ΣF(G).
(a) ΣF(H)N/N ΣF(HN/N).
(b) ΣF(H) ∩ E ΣF(H ∩ E).
(c) If H/H ∩ Σ ∈ F, then H ∈ F.
(d) If H ∈ F, then HΣ ∈ F.
(e) If N Σ , then Σ/N = ΣF(G/N).
(f) ΣF(G/Σ) = 1.
(g) If every minimal non-F-subgroup of G is soluble and ψe(N)Σ , then N Σ .
In this theorem, following [2] we write ψe(G) to denote the subgroup of G which is generated by
all cyclic subgroups of G of prime order and of order 4.
Corollary 1.1. Suppose that every subgroup P of a group G with prime power order is contained in
ΣU(NG(P )). Then G is supersoluble.
Corollary 1.2. Suppose that every p-subgroup P of a group G is contained in the intersection of all maximal
p-nilpotent subgroups of NG(P ). Then G is p-nilpotent.
It is well known that if every minimal subgroup of a group G is normal in G , then the commu-
tator subgroup G ′ of G is 2-closed (Gaschütz [3, IV, Theorem 5.7]). If, in addition, the order of G is
odd, then G is even supersoluble (Buckley [4]). Finally, note that if every minimal subgroup of G is
complemented in G , then G is supersoluble (Ballester-Bolinches and Guo [5]). The following theorem
covers all these results.
Theorem 1.3. Let G be a group and F the class of all 2′-supersoluble groups.
(1) G is 2′-supersoluble if and only if every minimal subgroup L of G of odd order has a supplement T in G
such that L ∩ T ΣF(T ).
(2) If G is soluble and every subgroup of G of order 2 is complemented in G, then G is 2-nilpotent.
Recall that a subgroup H of a group G is said to be quasinormal (S-quasinormal) in G if HE = EH
for all subgroups E of G (HP = P H for all Sylow subgroups P of G , respectively).
Proposition 1.4. Let R be the subgroup of a group G generated by the set of all its cyclic quasinormal subgroups
and Rs be the subgroup of G generated by the set of all its cyclic S-quasinormal subgroups. Then Rs ΣU(G)
and R is contained in the intersection of all maximal p-supersoluble subgroups of G for all primes p.
In view of Proposition 1.4 we obtain from Theorem A(c), (g) the following result.
Corollary 1.5. (See Shaalan [6].) Let G be a group and E a normal subgroup of G with supersoluble quotient.
Suppose that all minimal subgroups and all cyclic subgroups of order 4 of E are S-quasinormal in G. Then G is
supersoluble.
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of subgroups
1 = Q 0  Q 1  · · · Qt  · · · ,
where Q i(G)/Q i−1(G) is the subgroup generated by the set of all cyclic S-quasinormal subgroups of
G/Q i−1(G) (see [7, p. 22]).
Corollary 1.6. (See Agrawal [8].) The generalized hypercenter genz∗(G) of G is contained in ΣU(G).
A group G is called p-decomposable if there exists a subgroup H of G such that G = P × H for
some (and hence the unique) Sylow p-subgroup P of G . Based on Theorem A we also prove the
following result.
Theorem 1.7. Suppose that F is either the class of all soluble groups or the class of all p-decomposable groups
for some prime p. Suppose that G has three subgroups A1 , A2 and A3 whose indices |G : A1|, |G : A2|, |G : A3|
are pairwise coprime. If Ai ∩ A j ΣF(Ai) ∩ ΣF(A j) for all i = j, then G ∈ F.
Corollary 1.8. (See H. Wielandt [9].) If G has three soluble subgroups A1 , A2 and A3 whose indices |G : A1|,
|G : A2|, |G : A3| are pairwise coprime, then G is itself soluble.
Corollary 1.9. (See O. Kegel [10].) If G has three nilpotent subgroups A1 , A2 and A3 whose indices |G : A1|,
|G : A2|, |G : A3| are pairwise coprime, then G is itself nilpotent.
All unexplained notation and terminology are standard. The reader is referred to [11,12] or [13] if
necessary.
2. Proofs of Theorem A and Corollaries 1.1, 1.2
Let H and K be subgroups of a group G . If HK = G , then K is called a supplement of H in G . If,
in addition, HT = G for all proper subgroups T of K , then K is called a minimal supplement of H
in G .
Lemma 2.1. Let F be a saturated formation. Let N  U  G, where N is a normal subgroup of a group G.
(i) If G/N ∈ F and V is a minimal supplement of N in G, then V ∈ F.
(ii) If U/N is a maximal F-subgroup of G/N, then U = U0N for some maximal F-subgroup U0 of G.
(iii) If V is a maximal F-subgroup of U , then V = H ∩ U for some maximal F-subgroup H of G.
Proof. (i) It is clear that V ∩ N  Φ(V ). Hence from V /V ∩ N  V N/N = G/N ∈ F we have V ∈ F
since F is a saturated formation.
(ii) Let V be a minimal supplement of N in U . Then V ∈ F by (i). Let U0 be a maximal F-subgroup
of G such that V  U0. Then U0N/N  U0/U0 ∩ N ∈ F and U/N  U0N/N . Hence U = U0N .
(iii) Let H be a maximal F-subgroup of G such that V  H . Then V  H ∩ U  U and H ∩ U ∈ F
since F is hereditary. Thus V = H ∩ U .
A group G is said to be a minimal non-F-group if G /∈ F but H ∈ F for every proper subgroup H
of G . In what follows we shall need the following result. 
Lemma 2.2. (See [14, VI, Theorem 25.4].) Let F be a saturated formation and G a minimal non-F-group such
that GF is soluble.
(a) P = GF is a p-group for some prime p and P is of exponent p or of exponent 4 (if P is a non-abelian
2-group).
(b) P/Φ(P ) is a chief factor of G and (P/Φ(P ))  (G/CG (P/Φ(P ))) /∈ F.
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by Lemma 2.1(ii), U = U0N for some maximal F-subgroup U0 of G . Let ΣF(G/N) = U1/N ∩ U2/N ∩
· · · ∩ Ut/N , where Ui/N is a maximal F-subgroup of G/N for all i = 1,2, . . . , t . Let Vi be a maximal
F-subgroup of G such that Ui = ViN . Then Σ  V1 ∩ V2 ∩ · · · ∩ Vt , so ΣN/N ΣF(G/N).
Now let H be any subgroup of G . And let f : H/H ∩ N → HN/N be the canonical isomorphism
from H/H ∩ N onto HN/N . Then f (ΣF(H/H ∩ N)) = ΣF(HN/N) and f (ΣF(H)(H ∩ N)/(H ∩ N)) =
ΣF(H)N/N . But from above we have ΣF(H)(H ∩ N)/(H ∩ N)ΣF(H/H ∩ N). Hence ΣF(H)N/N 
ΣF(HN/N).
(b) If V is any maximal F-subgroup of H , then V = H ∩ U for some maximal F-subgroup U
of G by Lemma 2.1(iii). Thus there are maximal F-subgroups U1,U2, . . . ,Ut of G such that ΣF(H) =
U1 ∩ U2 ∩ · · · ∩ Ut ∩ H , hence Σ ∩ H  ΣF(H) and ΣF(H) ∩ E = ΣF(H) ∩ (H ∩ E)  ΣF(H ∩ E).
Therefore we have (b).
(c) First suppose that H = G . Let U be a minimal supplement of Σ in G . Then U ∈ F by
Lemma 2.1(i). Let V be a maximal F-subgroup of G containing U . Then G = ΣU  V ∈ F. Finally,
in the general case we have Σ ∩ H  ΣF(H) by (b), so from H/H ∩ Σ ∈ F we have H/ΣF(H) ∈ F
and hence H ∈ F.
(d) Since H ∈ F, HΣ/Σ  H/H ∩ Σ ∈ F. By (b), Σ  ΣF(HΣ). Hence HΣ/ΣF(HΣ) ∈ F. Thus
HΣ ∈ F by (c).
(e) In view of Lemma 2.1(ii) it is enough to prove that if U is a maximal F-subgroup of G , then
U/N is a maximal F-subgroup of G/N . Let U/N  X/N , where X/N is a maximal F-subgroup of
G/N . By Lemma 2.1(ii), X = U0N for some maximal F-subgroup U0 of G . But N  U0, so U/N 
X/N = U0/N and hence U = U0. Thus U/N = X/N .
(f) This follows from (e).
(g) Suppose that this assertion is false and let G be a counterexample with minimal |G||N|. Then
there is a maximal F-subgroup U of G such that N  U . Let E = NU . Then E/N  U/U ∩N ∈ F. By (b),
ψe(N)Σ ∩ E ΣF(E). Suppose that E = G . Then N ΣF(E) by the choice of (G,N). Hence E ∈ F
by (c), so U = E . Therefore N  U , a contradiction. Thus E = G . Let M be any maximal subgroup
of G . We show that M ∈ F. Since ψe(N ∩ M)  ψe(N), then ψe(N ∩ M)  Σ ∩ M . Hence ψe(N ∩
M)  ΣF(M) by (b). Hence N ∩ M  ΣF(M) by the choice of (G,N). Note also that M/M ∩ N ∈ F.
Indeed, if N  M , then M/N  G/N ∈ F since the class F is hereditary. On the other hand, if N  M ,
then M/M ∩ N  NM/N = G/N ∈ F. Therefore M ∈ F by (c). Hence Σ = Φ(G) and G is a minimal
non-F-group. Therefore G is soluble. Since G/N ∈ F, ψe(GF) ψe(N)Σ . Thus, by Lemma 2.2, for
any element x ∈ GFΦ(GF) we have x ∈ ψe(N) Σ = Φ(G). Therefore GF  Φ(G), so Σ = G ∈ F,
a contradiction. Hence we have (g). 
Proof of Corollary 1.1. By Theorem A(b) the hypothesis holds for every subgroup of G , so we may
suppose that G is a minimal non-supersoluble group. Thus G is soluble [14, Chapter VI, Theorem 26.3].
Therefore P = GU is a p-group for some prime p by Lemma 2.2, so P ΣU(G) by hypothesis. Hence
G is supersoluble by Theorem A(c). 
Proof of Corollary 1.2. See the proof of Corollary 1.1. 
3. Proof of Theorem 1.3
(1) Let Σ = ΣF(G). We only have to prove that if every minimal subgroup of G of odd order is
contained in Σ , then G is 2′-supersoluble. Assume that this is false and let G be a counterexample
with |G| minimal.
Let L  K  G , where L is a minimal subgroup of G of odd order and let T be a subgroup of
G such that G = LT and L ∩ T  ΣF(T ). Then K = K ∩ LT = L(K ∩ T ) and L ∩ (K ∩ T ) = L ∩ T 
ΣF(T ) ∩ K ΣF(K ∩ T ) by Theorem A(b). Therefore the hypothesis holds for every subgroup of G .
Hence every maximal subgroup of G is 2′-supersoluble by the choice of G . Therefore every maximal
subgroup of G is soluble.
First we show that G is soluble. Assume that this is false. Let N be any proper normal subgroup
of G . Then N is soluble, and if M is a maximal subgroup of G , then N  M , since otherwise, G/N 
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Φ(G), G/F is a simple non-abelian group and every proper normal subgroup of G is contained in F .
Hence Σ = F . It is clear that every maximal subgroup of G/F is soluble and hence by [15], G/F is
isomorphic to one of the following groups: PSL2(p) (where either p > 3 is a prime such that p2 +1 ≡
0(5)), PSL2(3p) (where p is an odd prime), PSL2(2p) (where p is a prime), PSL3(3), a Suzuki group
Sz(2p) (where p is an odd prime).
Let r be the largest prime divisor of |G/F | and Gr a Sylow r-subgroup of G . Then r > 3 by the
paqb-theorem of Burnside. Let p be any odd prime dividing |G|, Cp a subgroup of G of order p.
Suppose that Cp  F = Σ . Then for some maximal subgroup M of G we have MCp = G . By consid-
ering the permutation representation of G/MG on the right cosets of M/MG one can see that G/MG
is isomorphic to some subgroup of the symmetric group Sp of degree p. Hence p = r and a Sylow
p-subgroup of G/MG has prime order. Therefore for any odd prime p < r dividing |G/F | we have
Cp  F . Let P be a Sylow p-subgroup of F . We show that E = PGrx is nilpotent for all x ∈ G . Suppose
that this is false and let H be a Schmidt subgroup of E , that is a minimal non-nilpotent subgroup
of E . Since G is not soluble, E = G and hence H is supersoluble. But since p < r, it follows that H
is p-nilpotent. On the other hand, E is r-nilpotent and so H is nilpotent. This contradiction shows
that PGrx is nilpotent. Hence (Gr)G = G  CG(P ). Thus P  Z(G) and P  Φ(G) since F = Φ(G).
Let V be a Hall p′-subgroup of F . Then P V /V  Z(G/V ) and P V /V  Φ(G/V ). Hence p divides
|M(G/F (G))|, where M(G/F ) is the Schur multiplicator of G/F . Since p > 2, it follows that p = 3,
π(|M(G/F )|) ⊆ {2,3} and 5 divides |G/F | (see [16, Chapter 4]). Moreover, one can see that either 5 is
not the largest prime divisor of |G/F | or the order of a Sylow 5-subgroup of G/F is not prime. Hence
from above we have to conclude that 5< r, so 5 divides |F |.
Let G3 be a Sylow 3-subgroup of G and R the Sylow 5-subgroup of F . Since V = G3R is soluble,
V = G and so V is supersoluble. Hence for any chief factor H/K of V below R we deduce that
|V /CV (H/K )| divides 4. Therefore CV (H/K ) = V , so R  Z∞(V ) and hence V is nilpotent. Thus
R  Z(G), which implies that 5 divides |M(G/F )|, a contradiction. Therefore G is soluble, so G is a
soluble mimimal non-F-group. It is well known that the class F is a hereditary saturated formation
(see [3, Chapter VI, Satz 8.6]). Hence by Lemma 2.2, GF is a p-group for some odd prime p and
ψe(GF)Σ . Thus G ∈ F by Theorem A(c), (g). This contradiction completes the proof of the fact that
G is 2′-supersoluble.
(2) Assume that it is false and let G be a counterexample with |G| minimal. Since the hypothesis
holds for every subgroup of G , G = P  Q is a 2-closed Schmidt group by [3, IV, 5.4]. Moreover,
by Lemma 2.2, P = GN is a minimal normal subgroup of G and P  Z(G). But since every minimal
subgroup of G is complemented in G , then |P | = 2 and so P  Z(G). This contradiction completes the
proof of (2). 
4. Proofs of Proposition 1.4 and Corollaries 1.5, 1.6
Lemma 4.1. (See [18].) If a subgroup H of a group G is quasinormal in G, then H/HG  Z∞(G/HG).
Lemma 4.2. (See [19].) Let G be a group and H  K  G.
(1) If H is S-quasinormal in G, then H is S-quasinormal in K .
(2) Suppose that H is normal in G. Then K/H is S-quasinormal in G if and only if K is S-quasinormal in G.
(3) If H is S-quasinormal in G, then H is subnormal in G.
From Lemma 4.2(3) we have the following.
Lemma 4.3. If H is a S-quasinormal subgroup of a group G and H is a p-group for some prime p, then
O p(G) NG(H).
Lemma 4.4. (See [20].) If H is a subnormal nilpotent subgroup of a group G, then H  F (G).
178 A.N. Skiba / Journal of Algebra 343 (2011) 173–182Proof of Proposition 1.4. First we shall prove that if G/R is p-supersoluble, then G is also p-super-
soluble. Suppose that this is false and let G be a counterexample of minimal order. Let N be any
minimal normal subgroup of G , R0/N the subgroup of G/N generated by the set of all its cyclic
quasinormal subgroups. Then R  R0, so G/R0 is p-supersoluble. Hence the hypothesis is true for
G/N , so G/N is p-supersoluble by the choice of G . Therefore N is the only minimal normal subgroup
of G , N  R and N  Φ(G). Hence G is a primitive group and p divides |N|. In view of Lemma 4.2(3)
and Lemma 4.4, R is nilpotent. Hence N is a p-group. Moreover, N = CG(N) = O p(G) by [11, Chap-
ter A, Theorem 10.6 and Theorem 15.2]. Hence R = N and so for some cyclic non-identity quasinormal
subgroup E of G we have E  N . Moreover, since by Lemma 4.1, E/EG  Z∞(G/EG), it follows that
|N| = p and so G is p-supersoluble, a contradiction. Therefore G is p-supersoluble. Now we prove
that RH is p-supersoluble for any p-supersoluble subgroup H of G . Arguing by induction on |G| we
need only treat the case G = RH . But in this case we have G/R  H/H ∩ R is p-supersoluble, so G is
p-supersoluble.
Finally, we shall prove that RsH is supersoluble for any supersoluble subgroup H of G . Arguing
by induction on |G| and using Lemma 4.2(1) we need only to prove that if G/Rs is supersoluble,
then G is also supersoluble. Suppose that this is false and let G be a counterexample with minimal
order. Let N be a minimal normal subgroup of G . In view of Lemma 4.2(2), the hypothesis is true
for G/N . Now arguing as above we deduce that Rs = N = CG(N) = O p(G) for some prime p. Let
Q be a Sylow q-subgroup of G , where q is the largest prime divisor of |G| and let P be a Sylow
p-subgroup of G . Suppose that N = P . Then NQ is supersoluble by Lemma 4.2(1) and the choice
of G . If p < q, then NQ is nilpotent and so Q  CG(N) = N , a contradiction. Hence p = q. Since G/N
is supersoluble, it follows that P/N is normal in G/N . Hence P  O p(G) = N , a contradiction. Thus
N = P and hence some minimal subgroup of N is normal in G by Lemma 4.3. Therefore |P | = p. But
G/N is supersoluble and so does G . This contradiction shows that RsH is supersoluble. 
Proof of Corollary 1.5. By Proposition 1.4 we have ψe(E)  ΣU(G). Hence E  ΣU(G) by Theo-
rem A(g) and so G is supersoluble by Theorem A(c). 
Proof of Corollary 1.6. Let R be the subgroup of G generated by the set of all its cyclic S-quasinormal
subrgroups. By Proposition 1.4 we have R  ΣU(G). Hence ΣU(G)/R = ΣU(G/R) by Theorem A(e)
and so genz∗(G/R) = genz∗(G)/R ΣU(G/R) by induction on |G|. Thus genz∗(G)ΣU(G). 
5. Proof of Theorem 1.7
A chief factor H/K of a group G is called F-central provided (H/K )  (G/CG (H/K )) ∈ F [21,
pp. 127–128]. The product of all normal subgroups of G whose G-chief factors are F-central in G
is called the F-hypercentre of G and denoted by ZF(G) (ZF(G) = 1 if G has no such non-identity
normal subgroups) [11, p. 389].
Lemma 5.1. Let p, q be primes and F be the class of all p-decomposable groups. Let E be a normal q-subgroup
of a group G and E  ZF(G).
(1) If q = p, then G/CG (E) is a p-group.
(2) If q = p, then G/CG (E) is a p′-group.
Proof. Let 1 = E0 < E1 < · · · < Et = E be a chief series of G below E , Ci = CG(Ei/Ei−1) and C =
C1 ∩ C2 ∩ · · · ∩ Ct . Then CG(E)  C and by [17, Chapter 5, Corollary 3.3], C/CG (E) is a q-group. If
q = p, then Ci = G for all i = 1,2, . . . , t , so we have (1). Suppose that q = p. Then G/Ci is a p′-group
for all i = 1,2, . . . , t . Hence G/CG (E) is a p′-group. 
Lemma 5.2. Let p be a prime and F the class of all p-decomposable groups. Then in any group G we have
ΣF(G) = ZF(G).
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ZF(G) and Σ = ΣF(G). Then Z < Σ , so Σ = 1 and G /∈ F. Let N be a minimal normal subgroup of G
and L a minimal normal subgroup of G contained in Σ .
(1) ΣN/N  ZF(G/N) = ΣF(G/N).
Indeed, by Theorem A(a) we have ΣN/N  ΣF(G/N). On the other hand, by the choice of G ,
ΣF(G/N) = ZF(G/N).
(2) L  Z .
Suppose that L  Z . Then ZF(G)/L = ZF(G/L). On the other hand, Σ/L = ΣF(G/L) by Theo-
rem A(e). But by (1), ZF(G/L) = ΣF(G/L). Hence Σ/L = Z/L, so Σ = Z , which contradicts the choice
of G .
(3) If L  M < G, then L  ZF(M).
By Theorem A(b), L Σ ∩ M ΣF(M). Hence L  ZF(M) by the choice of G .
(4) L = N is the unique minimal normal subgroup of G .
Suppose that L = N . Then from (1) we have NL/N  ZF(G/N), so from the G-isomorphism
NL/N  L we obtain L  Z , which contradicts (2).
(5) L  Φ(G).
Suppose that L  Φ(G). Then L is a q-group for some prime q. Let C = CG(L). Suppose that for
some maximal subgroup M of G we have C  M . Then G/C = CM/C  M/M ∩ C = M/CM(L). In view
of (3) and Lemma 5.1 it follows that L  Z , contrary to (2). Hence C  M for all maximal subgroups
M of G . Hence C is nilpotent. Therefore in view of (4), C is a q-group since C is normal in G . Suppose
that q = p. Then M/C and C are p′-groups and so every maximal subgroup of G is a p′-group. Hence
G is p-decomposable, a contradiction. Similarly, one can obtain a contradiction in the case q = p.
(6) L is not abelian.
Suppose that L is an abelian q-group for some prime q. Then from (4) and (5) we deduce that
G = L  M for some maximal subgroup M of G and C = CG(L) = L = Oq(G). We show that M is
p-decomposable. Suppose that q = p. Let E be any maximal subgroup of M and V = LE . Then by (3),
L  ZF(V ), so E  V /L = V /CV (L) is a p′-group by Lemma 5.1. Hence M is p-decomposable. On the
other hand, if q = p, then similarly we deduce that every maximal subgroup E of M is a p-group.
Thus M is p-decomposable in both cases. It follows that G is p-decomposable, a contradiction.
(7) L is a p′-group.
Indeed, suppose that p divides |L|. Since L  Σ , L is p-decomposable and so L is a p-group
contrary to (6).
(8) If L  M < G, then M is a p′-group.
In view of (3), L  ZF(M). Let
1 = L1 < L2 < · · · < Ln = L (∗)
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composable for all i = 1,2, . . . ,n, so M/C is p-decomposable since the class of all p-decomposable
groups is a formation. By (4), L is a unique minimal normal subgroup of G and L is non-abelian
by (6). Hence CG(L) = 1, so for any minimal normal subgroup R of M we have R  L. Suppose
that C = 1 and let R be a minimal normal subgroup of M contained in C . Then R  L, so R 
CM(H/K ) for all M-chief factors H/K of L by [11, Chapter A, Theorem 3.2]. Hence L is abelian.
This contradiction shows that C = 1, so M is p-decomposable. Suppose that p divides |M| and let
P be a Sylow p-subgroup of M . Then P is normal in M and so P  CM(L) = 1 in view of (7). This
contradiction shows that we have (8).
The ﬁnal contradiction. Let U be a minimal supplement of L in G , V a maximal subgroup of U . Then
LV = G , so LV is a p′-group by (7). Therefore every maximal subgroup of U is a p′-group by (7).
Hence U is p-decomposable. Let E be a maximal p-decomposable subgroup of G containing U . Then
G = U L  E , so G = Σ = Z . This contradiction completes the proof of the lemma. 
Proof of Theorem 1.7. Assume that this theorem is false and let G be a counterexample with |G|
minimal.
(1) Ai ∩ A j = 1 for all i = j.
Suppose, for example, that A1 ∩ A2 = 1. Then A1 and A2 are Hall subgroups of G . Hence, for any
prime p dividing |G : A3|, p either divides |G : A1| or divides |G : A2|. The contradiction shows that
|G : A3| = 1, that is, G = A3. Therefore A1, A2 are contained in ΣF(G). If follows that G = A1A2 =
ΣF(G) ∈ F, a contradiction.
(2) G/N ∈ F for any abelian minimal normal subgroup N of G.
Let i = j. Since N is abelian, N is a q-group for some prime q. Hence either N  Ai or N  A j .
In the former case we have Ai/N ∩ A jN/N = N(Ai ∩ A j)/N  N(ΣF(Ai) ∩ ΣF(A j))/N ΣF(Ai/N) ∩
ΣF(A jN/N) by Theorem A(a). Therefore the hypothesis holds for G/N and so G/N ∈ F by the choice
of G .
(3) F is the formation of all p-decomposable groups.
Suppose that F is a formation of all soluble groups. Since by (1), A1 ∩ A2 = 1 and A1 ∩ A2 
ΣF(A2), for some minimal normal subgroup V of A2 we have V ΣF(A2). Hence V is a q-group for
some prime q. Then either q does not divide |G : A1| or q does not divide |G : A3|. Assume that q does
not divide |G : A1|. Then for some b ∈ A2, we have V  Ab1. Hence V = V b
−1  A1 ∩ A2  ΣF(A2),
which implies that V G = V A2 A1 = V A1  A1. It follows that E = V G ∩ A2  A1 ∩ A2 ΣF(A1) and E
is normal in A2. Hence EG = E A2 A1 = E A1  A1. It follows that EG = E A1 ⊆ ΣF(A1)A1 = ΣF(A1) and
so EG is soluble. This shows that G has an abelian minimal normal subgroup N . Since by (2), G/N is
soluble, then G is soluble contrary to the choice of G . Hence we have (3).
(4) p divides |G| and a Sylow p-subgroup P of G is normal in G.
By hypothesis, there exists i = j such that p  |G : Ai | and p  |G : A j |. Hence p  |G : Ai ∩ A j | and
so G has a Sylow p-subgroup P such that P  Ai ∩ A j ΣF(A1) ∩ ΣF(A2). Since ΣF(Ai) is p-de-
composable, P is a characteristic subgroup of ΣF(Ai) and hence P is normal in Ai since ΣF(Ai) is
characteristic in Ai . Similarly, we have A j  NA j (P ). Therefore G = Ai A j  NG(P ). Hence we have (4).
(5) If L is a minimal normal subgroup of G contained in P , then C = CG(L) = G.
By (4), P is normal in G . For some i = j we have P  Ai ∩ A j . Hence L  ZF(Ai) ∩ ZF(A j) by
Lemma 5.2. Hence Ai/CAi (L) and A j/CA j (L) are p-groups by Lemma 5.1. Since G/C = (AiC/C)(A jC/C),
A.N. Skiba / Journal of Algebra 343 (2011) 173–182 181where AiC/C  Ai/Ai ∩ C = Ai/CAi (L) and A jC/C  Al/A j ∩ C = A j/CA j (L), we have that G/C is
a p-group, so C = G by [7, Appendix C, Corollary 6.4].
The ﬁnal contradiction. Since G/L is p-decomposable by (2) and (3), G/L has a normal Hall
p′-subgroup E/L. By the Schur–Zassenhaus Theorem E has a Hall p′-subgroup V . Since L  Z(E),
V is characteristic in E and so V is normal G . It follows that G is p-decomposable. This contradiction
completes the proof. 
6. Final remarks
I. In view of Proposition 1.4 and Corollary 1.6 the following natural questions arise:
(I) Is there a group G such that genz∗(G) = ΣU(G)? (See [7, p. 22] or [8, p. 19].)
(II) Is there a group G such that genz∗(G) is not contained in the intersection of all maximal p-supersoluble
subgroups of G?
The following examples give positive answers to these questions.
Example. Let p, q and r be primes such that p = q = r. Let Cr be a group of order r and Q be a
simple Fq[Cr]-module which is faithful for Cr . Let H = Q  Cr and P be a simple Fp[H]-module
which is faithful for Q Cr . Finally, let G = P  H . Then P = CG(P ), so P = F (G).
(I) Suppose that q divides p − 1, r divides p − 1 and r does not divide q − 1 (p = 31, q = 5 and
r = 3, for instance). Then the maximal subgroups P Q and PCr of G are supersoluble but the subgroup
H is not supersoluble. Hence ΣU(G) = P . Suppose that genz∗(G) = 1. Then G has a non-identity cyclic
S-quasinormal subgroup V . By Lemma 4.2(3), V is subnormal in G , so V  P = F (G) by Lemma 4.4.
Hence Q Cr  NG(V ) and so V is normal in G . But then V = P and hence G/CG(P )  Q Cr is cyclic.
This contradiction shows that genz∗(G) = 1 = ΣU(G).
(II) Now suppose that p = r and q divides p − 1. In this case P Q = O p(G) and Q Cr is not super-
soluble. We shall show that P  genz∗(G). Indeed, since q divides p − 1, then P Q is supersoluble by
[7, Chapter 1, Theorem 1.4]. Hence by Maschke’s theorem, P = P1 × P2 × · · · × Pt , where Pi is normal
in P Q = O p(G) and |Pi | = p for all i = 1,2, . . . , t . Hence Pi is S-quasinormal in G by Lemma 4.3 and
so P  genz∗(G). Since all maximal subgroups of G are p-supersoluble, then the intersection Σ of all
such subgroups is the identity. Hence genz∗(G)  Σ .
II. Let p be any prime. Then we write F(p) to denote the intersection of all formations containing
the set {G/O p′,p(G) | G ∈ F} and F (p) is the set of groups G such that GF(p) is a p-group.
We say that a formation F is a formation with property (∗) if F contains each group whose maximal
subgroups belong to F (p) for some prime p.
Developing arguments in the proof of Lemma 5.2 it is possible to prove the following theorems.
Theorem B. The equality ZF(G) = ΣF(G) is true in each group G if and only if F is a formation with prop-
erty (∗).
Theorem C. The equality ZF(G) = ΣF(G) is true in each soluble group G if and only if F is a formation with
property (∗) in the class of all soluble groups.
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